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Polymer-producing companies normally produce many polymer grades in each poly-
merization reactor train according to customer demands; therefore, many grade-transi-
tion operations are necessary. Howe®er, the determination of these optimal strategies is
difficult. To sol®e this problem, se®eral sample simulations showing the optimal solu-
tions of grade-transition strategies for multistage olefin polymerization reactors with bi-
modal products were performed. The methodology utilized a dynamic process simulator,
POLYRED, coupled to a sequential quadratic programming, nonlinear optimization
algorithm, by using two different objecti®e functions with and without state constraints.
It is shown that the most beneficial case of using the optimization technology is the
grade transition where the hydrogen content in a reactor must be decreased andror
constraints are imposed on state ®ariables.

Introduction
Today plastic polymers are widely used for various prod-

ucts, such as parts for cars, different kinds of bottles, films,
and frames for electric appliances. Each usage requires dif-
ferent specifications for the polymers. In order to satisfy these
demands, polymer-producing companies have to produce
many different grades of polymers. However, in order to
achieve cost saving by operating on a large scale, polymeriza-
tion processes have very high production capacities and many
different grades must be produced in one polymerization
process. This requires a special process operation that is
called grade transition. In other words, grade transition is an
operation whereby one polymer grade is changed to another
grade in a polymerization process.

Since grade transition requires drastic and simultaneous
changes of different inputs and the dynamics of each input is
complicated, multivariable control strategies are necessary in
order to cope with the interactions of the inputs. It is very
difficult therefore to develop good grade-transition strate-
gies. In most cases, grade-transition strategies are based on
previous plant runs that were performed by experienced op-
erators. However, if a reaction process is complicated, as for
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example, in a multistage process, even experienced operators
cannot perform optimal operations, because process dynam-
ics of many inputs must be considered at the same time. In
some cases, a step change of each input is performed during
grade transitions. However, the residence times of some poly-

Ž .merization reactors such as loop, tank, and fluidized bed
are normally quite long; therefore, it takes a long time to
change over the reactor contents. This leads to a greater
amount of off-spec polymers produced during grade transi-
tion. Since the difference between the market prices of on-
spec and off-spec polymers is quite large, it is very important
for a polymer-producing company to perform a good grade-
transition operation that produces less off-spec polymer or
reduces the production time lost in grade transitions.

Another important aspect of grade transition is plant safety.
In order to make a quick changeover in a polymerization re-
actor, an overshoot andror an undershoot operation is neces-
sary, but these drastic operations may cause dangerous phe-
nomena such as a runaway reaction in a polymerization reac-
tor.

A product-quality consideration of instantaneous proper-
ties is also a very important aspect during grade transitions.
For example, instantaneous values for the average molecular
weight andror polymer density should have some upper or
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lower values during grade transitions in order not to produce
polymer that has a very high or very low molecular weight
andror density component, because this causes problems in
mixing reactor contents and processing polymers.

In order to avoid these phenomena, constraints are im-
posed during some grade transitions. Hence, when the
grade-transition strategy is decided, a good operation that
minimizes grade-transition time or amount of off-spec poly-
mer should be considered while satisfying product constraint.

One tool for obtaining good grade-transition strategies is
to make dynamic simulations by using dynamic kinetic and
process models. The performances of several different strate-
gies are easily simulated and some process constraints can

Ž .also be checked. Ramanathan and Ray 1991 made dynamic
simulations of grade transition for two fluidized-bed reactors,

Ž .and Debling et al. 1994 simulated grade-transition opera-
tions for various kinds of polymerization processes. In both
studies, they compared the performance of many different
grade-transition strategies and calculated the amount of off-
spec product. However, because in these simulations trial-
and-error methods were adopted to get a good grade-transi-
tion strategy, it is time-consuming to use this method and to
find an optimal grade-transition strategy. Accordingly, ob-
taining an optimal grade-transition strategy more efficiently
is the main motivation of this article.

Another tool for obtaining a good grade-transition strategy
is to solve a dynamic model-based optimization problem.

Ž .McAuley and MacGregor 1992 obtained optimal grade-
transition strategies in a gas-phase polyethylene reactor by
solving the optimization for a lumped-parameter system. Al-
though the constraints for input variables were considered in
their article, the constraints for the state variables were not

Ž .considered. Ohshima et al. 1994 also conducted optimal
grade-transition strategies in a loop and gas-phase polypropy-
lene reactor by using dynamic programming after simplifying
the correlation models of polypropylene specifications.

In McAuley’s and Ohshima’s articles, correlation models
among Melt Index, density, and gas concentrations in the re-
actor were used. Although these correlation models make
solving optimizations easier, they cannot represent other
polymer specifications such as polydispersity and chain-length
distribution. If the dynamics andror constraints of the de-
tailed polymer specifications must be considered during grade
transition, more complicated kinetic models should be used.

In this study, to overcome the weaknesses described ear-
lier, optimization of grade-transition strategies is performed,
while considering the following points. First of all, more com-
plicated kinetic models than correlation models are used for
calculating polymer specifications. Second, by using these
models, several grade-transition optimization problems are
solved with and without some constraints for state variables,
and the results are compared in order to discover which cases
yield practically useful results. Third, the decision variables
in optimization are reduced and compared with more com-
plex optimization. Finally, a different objective function con-
sidering a product band is used and the performance is com-
pared. Specifically, the control-vector parameterization
method is used to solve the dynamic process optimizations.

Ž .Successive quadratic programming SQP is selected as an al-
gorithm to solve optimization with constraints, and the dy-

Ž .namic simulation package POLYRED UWPREL, 1997 is
used for dynamic process and polymer kinetic modeling.

Grade-Transition Trajectory Optimization
Optimization problem formulation

ŽWhen grade transitions are dealt with, a process model in-
.puts, states, and outputs must be included in the optimiza-

tion formulation. To have the best process dynamics under a
certain objective function is a goal of grade-transition opti-
mization; thus, the optimization must calculate the best input
trajectory during grade transition, considering the trajectories
of states and outputs. This requires that the trajectories of
inputs, states, and outputs, which are the functions of the
parameter time t, be included in an objective function and
constraints of the optimization problem.

The general formulation of the grade-transition optimiza-
tion problem can be written as

w xmin F u t , x t tg t , tŽ . Ž . 0 f
Ž .u t

w xs.t. c u t , x t s0Ž . Ž .
dx

w xs f u t , x t 1Ž . Ž . Ž .
dt

x t s xŽ .0 0

u F u t F uŽ .low up

x F x t F xŽ .low up

Ž . Ž .where x t is the m-dimensional state vector and u t is the
n-dimensional input vector. In this problem the decision vari-

Ž .ables are the inputs u t and the differential equations that
show process dynamics are included in the constraints. Nor-

Ž .mally in the objective function the integration of x t is in-
cluded. The two main differences between this type of prob-
lem and the standard NLP are:

1. The time variable t is included in the objective function
and constraints.

2. The constraints include differential equations.
Because of difference 1, this type of optimization problem

is called a trajectory optimization problem. In solving the tra-
jectory optimization problem, difference 2 makes this prob-
lem difficult to solve directly. Therefore, it is not easy to
directly use the standard optimization theory and algorithms
in order to solve this type of problem. Although there are
several methods, such as control-vector iteration procedures,
direct substitution approaches, dynamic programming, and

Ž .control-vector parameterization Ray and Szekely, 1973 , to
deal with this problem, the control-vector parameterization is
used in this article because it is easy to install a complicated
process model and to have constraints involving state vari-
ables.

Control-©ector parameterization
Control-vector parameterization is an algorithm for solving

dynamic optimization problems by changing the decision
Ž .variables from time-varying process inputs u t to parame-
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ters, for example, by using the following equation:

s

u t s a f t . 2Ž . Ž . Ž .Ýi i j i j
js1

Ž . Ž .Here u t is the ith element of the input vector of u t , fi i j
is a trial function, and the parameters a are the decisioni j
variables that are optimized in the control-vector parameteri-
zation. In this method the trial functions f must be deter-i j
mined first. This approach has the main advantage of being
able to eliminate the time parameter t and converting the
optimization problem to the following parameter estimation
problem:

min F aŽ .i j
ai j

s.t. g a F0Ž .i j

h a s0. 3Ž . Ž .i j

In Eq. 3, the decision variables are new parameters a , andi j
the time domain can be eliminated from Eq. 1. The trial

Ž .functions, f t , can be polynomials or other classes of func-i j
tions; alternatively, they can be a series of step changes. The
objective function F, inequality constraint function g, and
equality constraint function h are the functions of a . Actu-i j
ally, this is the same formulation for standard NLP. Now that
Eq. 1 is converted to Eq. 3, any algorithms for solving the
standard constrained NLP can be applied to solve Eq. 3.
When Eq. 3 is solved with NLP algorithms, the values of the
functions F, g, h and their gradient =F, =g, =h with regards
to a are necessary at every step. For example, in SQP, thesei j
values are necessary when the QP subproblem is solved. In
the control-vector parameterization, these values are ob-
tained by performing a dynamic process simulation and using
the finite difference method. Because parameters a at iter-i j

Ž .ation k are obtained and the input series u t can be calcu-
lated with a and trial functions f , the dynamic processi j i j
model simulations for a nonlinear model can be performed;
therefore, a special model is not necessary in solving the opti-
mization problem.

The control-vector parameterization approach is shown in
Figure 1. The algorithm consists of four main procedures:

v Ž . Ž .Calculate the process input u t from the a and f t .i j i j
v Perform dynamic process simulations.

Figure 1. Control vector parameterization.

v Calculate the values of F, g, h and their derivatives.
v Use an NLP optimization algorithm to determine im-

proved values for the a .i j

These four procedures are connected and performed se-
quentially; starting with the initial guesses for parameters a ,i j

Ž .the inputs u t are calculated and input to the dynamic
process simulator. The values of the states at each time are
output from the dynamic process simulator, and the values of
the corresponding functions and derivatives are calculated
and input into an optimization algorithm. By using the new
parameters, which are output from the optimization algo-
rithm, as the next iteration values, the new inputs are calcu-
lated and input to the dynamic process simulator again. In

Ž .this article SQP in MATLAB Grace, 1992 is used as the
Ž .optimization algorithm and POLYRED UWPREL, 1997 is

used as a dynamic process simulator.
The advantages of the control vector parameterization are:
1. One can use the standard optimization algorithms.
2. Even if a process model is very complicated, the opti-

mization solution can be obtained using existing process sim-
ulators.

Ž .However, it is important to select f t well; if these func-i j
tions are poorly chosen, the solution may not necessarily be
optimal.

Process Description
In this article, by using Ziegler-Natta transition-metal cata-

lyst, the slurry-phase loop reactor is used for simulations. The
loop reactor consists of a main tubular system closed in a
loop. The reaction mixture flows through the tube, impelled
by an axial pump. In the bimodal loop reactor, two loop reac-
tors are serially connected. By setting different reaction con-
ditions in each reactor, polymers with broader molecular-
weight distribution can be produced. The typical bimodal loop
reactor is shown in Figure 2. A diluent is fed to both reactors
as a liquid. Ethylene as a main monomer is fed to both reac-
tors, and hexene as a comonomer is fed only to the first reac-
tor; as a result, high-density polyethylene is produced in this
reactor. The density of polymer in both reactors is controlled

Figure 2. Bimodal loop reactors.
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by a comonomer. Hydrogen as a chain transfer agent is fed to
both reactors in order to control the molecular-weight distri-
bution. A transition-metal Ziegler-Natta catalyst is fed to the
first reactor with alkyl as a cocatalyst.

Each loop is enclosed by a jacket in which the coolant wa-
ter flows. Reactor temperature is controlled by adjusting the
coolant temperature. Reactor pressure is controlled by
changing the discharge amount from the reactor. The mix-
ture that is discharged from the reactor is sent to the separa-
tor, where the diluent with the unreacted monomer and poly-
mers are separated. The separated polymers are dried and
sent to the storage tank. The mixture of diluent and the un-
reacted monomer is sent to the distillation column, where the
diluent is purified. The purified diluent is recycled to feed
the reactors again. In this process polymer samples can be
taken from the first and the second reactor, and the samples
obtained from the second reactor can be regarded as the fi-
nal product. Because these two samples can be measured di-
rectly, the main specifications of polymers are those of the
first-reactor product and those of the final product.

Regarding the specifications that determine the properties
of polymers, molecular-weight distribution and polymer den-
sity are the most important specifications of industrial poly-
olefin products, because they have a big effect on polymer
processability and stiffness. Since it is difficult to express the
molecular-weight distribution directly, the number- or

Žweight-average molecular weight Melt Index is often used
.for showing these properties and polydispersity are used to

show the molecular-weight distribution of polymers; there-
fore, the number-average molecular weight, polydispersity,
and polymer density are the main specifications of polymers
in the sample simulations.

The product from these tandem reactors has a bimodal
Ž .molecular-weight distribution cf. Figure 3 where one mode

is produced in each reactor. Thus the process is often called
a bimodal process. For the process considered here the higher
molecular-weight mode is produced in the first reactor and
the lower molecular-weight peak in the second reactor. Thus

Ž .the product is a bimodal high-density polyethylene HDPE .

Mathematical Model for Bimodal Reactors
In performing dynamic process simulations, some assump-

tions for a process and kinetics are made to simplify the cal-
culations.

The assumptions in process modeling are:
1. Each loop reactor can be regarded as a continuous

Ž .stirred-tank reactor CSTR because the recycle rate in the
Ž .reactor is very high Zacca and Ray, 1993 .

2. The reactor temperature is perfectly controlled at the
setpoint.

3. The reactor pressure is controlled by overflowing the
reaction mixtures from the reactors.

4. There are no impurities in the reactors.
Ž5. The reactions that produce byproducts such as ethy-

.leneqhydrogen™ethane are not considered.
The assumptions for the kinetics of Ziegler-Natta polymer-

ization reactions are:
6. The number of the catalyst sites is two.
7. Site activation by cocatalyst and comonomer, chain initi-

ation by monomer, chain propagation by monomer, chain

Figure 3. Bimodal molecular-weight distribution.

transfer by hydrogen and monomer, spontaneous chain trans-
fer, and spontaneous site deactivation are considered.

8. Chain transfer is performed only at the same site. That
is, there is no chain transfer from site 1 to site 2 nor from site
2 to site 1.

9. There are some sites in the catalyst that are activated
Ž .only by a comonomer Karol et al., 1993 .

10. There are two types of site initiations: the initiation
after performing chain transfer and the initiation from the
potential sites. The former takes a longer time than the latter
Ž .Shaffer and Ray, 1997 .

In the preceding, assumptions 1, 9, and 10 are validated in
the corresponding references. Generally the remaining as-
sumptions are valid, but they depend on the characteristics of
each catalyst and process. Even if additional kinetics are nec-
essary, however, they can be installed in a dynamic process
simulator, and the optimization problem can be easily solved
through the use of control vector parameterization. The ki-
netic parameters for the simulations are given in Table 1, and
detailed modeling equations are described in the Appendix.

The Optimization Examples
In this section, the example grade transitions, the specific

objective function, control-vector parameterization, and other
specifications of the optimization examples are presented.

Ž .First of all, the three steady states in Table 2 A,B, C , repre-
senting three grades of polymer, are considered in the simu-
lations. Among these three steady states, the following
grade-transition operations are optimized:

1. From steady-state A to steady-state B
2. From steady-state B to steady-state C.
Grade transition 1 is an easy grade transition because flows

other than the first hexene and the first and second hydrogen
flows are constant before and after the grade transition.
Grade transition 2 is difficult because almost all flows must
be changed before and after the grade transition. In other
words, grade transition 1 requires only a change in the num-
ber-average molecular weight and polymer density. By con-
trast, the production rate and production-rate ratio between
the first and second reactors must be changed in grade tran-
sition 2.

In practice, certain economic objectives are used as goals
for grade transitions. For example:

1. When polymer sales are high and the plant is operating
at maximum capacity, one usually wishes to minimize the time
of the grade transition so as to keep the plant production
rates as high as possible.
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Table 1. Kinetic ConstantsU

Site 1 Site 2
Ž . Ž .Activation energy chain transfer calrmol 14,000 14,000
Ž . Ž .Activation energy others calrmol 9,000 9,000

Ž .Site activation constant Lrmol ? s
5 5By cocatalyst 7.0=10 7.0=10
6 6By hexene 1.0=10 1.0=10

Ž .Chain initiation constant Lrmol ? s
6 6By ethylene 2.7=10 2.7=10
5 5By hexene 3.8=10 3.8=10

Ž .Chain propagation constant Lrmol ? s
8 8By ethylene end-gr.sethylene 2.0=10 2.0=10
8 8By ethylene end-gr.shexene 1.7=10 1.7=10
6 6By hexene end-gr.sethylene 5.0=10 2.0=10
5 5By hexene end-gr.shexene 4.0=10 8.4=10

Ž .Chain transfer constant Lrmol ? s
7 8By hydrogen end-gr.-ethylene 3.0=10 3.2=10
5 6By cocatalyst end-gr.sethylene 6.0=10 3.0=10

UU 2 2Spontaneous end-gr.sethylene 2.8=10 2.8=10
5 5By ethylene end-gr.sethylene 6.0=10 6.0=10
7 8By hexene end-gr.sethylene 1.0=10 1.6=10
7 8By hydrogen end-gr.shexene 3.0=10 3.2=10
6 5By cocatalyst end-gr.shexene 1.3=10 6.0=10

UU 2 2Spontaneous end-gr.shexene 2.8=10 2.8=10
5 5By ethylene end-gr.shexene 6.0=10 6.0=10
7 8By hexene end-gr.shexene 1.0=10 1.6=10

Site deactivation constant
UU 2 2Spontaneous 3.0=10 3.0=10

UConstants are pre-exponential factors.
UUUnits are sy1.

Table 2. Three Sample Steady States

Steady Steady Steady
States A States B States C

3Ž .1st reactor volume m 10.0 10.0 10.0
3Ž .2nd reactor volume m 30.0 30.0 30.0

1st reactor temperature 90.0 90.0 90.0
Ž .degree c

2nd reactor temperature 90.0 90.0 90.0
Ž .degree c

Ž .1st C flow grs 25.0 50.0 95.06
Ž .1st H flow grs 0.1 0.2 0.12
Ž .2nd H flow grs 12.0 3.0 15.02

Ž .1st C flow grs 1,667.0 1,667.0 2,292.02
Ž .2nd C flow grs 1,667.0 1,667.0 1,910.02
Ž .1st Dil. flow grs 2,222.0 2,222.0 2,222.0
Ž .2nd Dil. flow grs 1,111.0 1,111.0 1,800.0
Ž .1st Cat. flow grs 0.17 0.17 0.21
Ž .1st Cocat. flow grs 0.10 0.10 0.10

1st Inst. MW 53,822 35,221 56,316n
1st Cumu. MW 53,783 35,175 56,237n
1st Zp 6.1 6.3 6.5
1st Inst. density 0.9462 0.9411 0.9377
1st Cumu. density 0.9462 0.9411 0.9377
2nd Inst. MW 6,899 9,280 7,504n
Final Cumu. MW 12,079 14,515 14,143n
Final Cumu. Zp 15.4 9.6 15.5
2nd Inst. density 0.9501 0.9454 0.9445
Final Cumu. density 0.9481 0.9431 0.9402

Ž .1st production rate grs 1,629 1,636 2,272
Ž .2nd production rate grs 1,629 1,666 1,859

Production rate ratio 50:50 49.5:50.5 55.0:45.0
Ž .Total production rate grs 3258 3302 4130

1st wt. frac. polymer 0.416 0.415 0.493
2nd wt. frac. polymer 0.486 0.491 0.496

Ž .1st residence time H 0.418 0.415 0.372
Ž .2nd residence time H 0.765 0.767 0.617

2. When polymer sales are low and the plant is operating
at reduced capacity, one usually wants to minimize the

Žamount of off-spec product produced even if this extends
.the transition time because one may have difficulty in selling

the off-spec product.
In other situations, even more specific objectives could be

important.
In this work, we chose as our objective a time-weighted

Ž .least-squares objective cf. Eq. 4 because other optimal con-
Ž .trol studies Ogunnaike and Ray, 1994 have shown that this

objective provides very useful practical results. It selectively
penalizes both large deviations as well as long-time devia-
tions from the target. While later studies will use a greater
variety of objective functions, this first study illustrates the
types of grade-transition strategies found by the optimizer and
the degree of practical improvement over simpler strategies.

Our first objective function to be tested is

21MW t y1MW Tr Ž .f n n
F s w ) t)H 1½ ž /1MW Tt n0

2 21r t y1rT 1Zp t y1ZpTŽ . Ž .
qw ) t) qw ) t)2 3ž / ž /1rT 1ZpT

2 2FMW t y FMW T Fr t qFrTŽ . Ž .n n
qw ) t) qw ) t)4 5 ž /ž /FMW T FrTn

2FZp t y FZpTŽ .
qw ) t) dt . 4Ž .6 5ž /FZpT
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In Eq. 4, 1MW and FMW are the number average molecu-n n
Ž .lar weight in the first and second final reactors, respec-

tively, and 1MW T and FMW T are their target values. Simi-n n
larly, 1r and Fr are the polymer density in the first and sec-
ond reactor, and their target values are 1rT and FrT ; 1Zp

Ž .and FZp are the polydispersity in the first and second final
reactors, respectively; 1ZpT and FZpT are their target val-
ues; and w ;w are the weight factors. Because the specifi-1 6
cations of the final product are more important than the first
reactor product, the larger values are set to w , w , and w .4 5 6
However, because the final product bimodal MWD and com-
position distributions depend critically on the model pro-
duced in the first reactor, one cannot ignore the weights w ,1
w , w . The instantaneous molecular weight and density in2 3
the first and second reactors are not measured directly;
therefore, these are not included in the objective function,
although they may be considered as constraints.

Although the objective function, Eq. 4, produces fast grade
transitions without excessive overshootrundershoot, each

Žpolymer property has only one target value 1MW T , FMW T ,n n
.1rT , FrT , 1ZpT and FZpT . However, it is quite common

in practice that the target values of each grade have a band,
that is, the target of each property has an upper and lower
bound. If the product is within this band, it is on-spec, and if
not, it is off-spec. Normally the target values in the objective
function, Eq. 4, are the center values of the on-spec band.
Hence, the objective function, Eq. 4, does not necessarily give
the least off-spec product. Accordingly, another objective
function, Eq. 5, is proposed so as to include the product band,
and optimization is performed to compare the results with
Eq. 4. In this optimization, Zp is not included for simplicity.

t fF s t) P q P q P q P dt 5� 4 Ž .Ž .H 1 2 3 4
t0

where

2° 1MW t y1MW TŽ .n n
w )7 ž /1MW Tn

if 1MW t is within the band.Ž .n~P s1 21MW t y1MW BŽ .n n
w )11 ž /1MW Bn¢ if 1MW t is outside the band.Ž .n

2° 1r t y1rTŽ .
w ) if 1r t is within the band.Ž .8 ž /1rT~P s2 21r t y1rBŽ .
w ) if 1r t is outside the band.Ž .12¢ ž /1rB

2° FMW t y FMW TŽ .n n
w )9 ž /FMW Tn

if FMW t is within the band.Ž .n~P s3 2
FMW t y FMW BŽ .n n

w )13 ž /FMW Bn¢ if FMW t is outside the band.Ž .n

2° Fr t y FrTŽ .
w ) if Fr t is within the band.Ž .10 ž /FrT~P s4 2Fr t y FrBŽ .
w ) if Fr t is outside the band.Ž .14¢ ž /FrB

Here the designation B denotes the upper limit if the trajec-
tory is over the upper limit, and the lower limit if the trajec-
tory is under the lower limit. This objective function consid-
ers two different regimes. If the current value is outside the

Žband, the target value is set to the nearest band upper or
.lower of the product. Once it goes into the product band,

the target value is changed to the center value of the prop-
erty. Because on-spec means the polymer has all properties
inside the property band, larger values are used for the weight

Ž .factors for outside the band w ;w in order for every11 14
property to go into the property band quickly. Once each
property goes into the property band, it gradually goes to-
ward the center value, because the weights w ] w are7 10
smaller. This has the practical effect that the optimizer can
always focus most of the control effort on those properties
that are outside the band.

The controlled variables during grade transition are the
hexene flow to the first reactor, the hydrogen flow to the first
reactor, and the hydrogen flow to the second reactor. In all
simulations, these inputs have upper and lower constraints.

ŽThe upper constraints are set to 1.5) the value of the steady
.state after grade transition , and the lower constraints are set

to zero. Although simulations that have no state constraints
are referred to as no constraints, all simulations have these
input constraints. In simulation 2, ethylene and catalyst flows
are ramp changed, because too rapid changes of these vari-
ables can cause reactor heat-removal problems. Both ethy-
lene feeds to the first and second reactors are ramp changed,
keeping the production-rate ratio between the first and sec-
ond reactors constant.

Finally, the control-vector parameterization of the three
controlled variables is shown in Figure 4. The parameteriza-
tions by the solid line in Figure 4 are usually used. For each
variable, time is divided into some intervals, and in each in-
terval the input is kept constant. Because the dynamics of
each controlled variable are different, each has a different
number of intervals. For example, the dynamics of the num-
ber-average molecular weight in the first reactor is faster than
that of the second reactor; hence, the number of intervals in
the first reactor hydrogen flow is five, while that of the sec-
ond reactor hydrogen is eight. For each controlled variable,
the length of each interval is set differently. This is because
at the beginning of the grade transition, frequent input
changes are necessary in order to have a better result, but at
the end of the grade transition, the process is close to the
steady state and frequent changes are not necessary. The
grade transition starts at ts900 s in every simulation, and
before ts900, the inputs remain at the steady-state values of
the previous grade. The steady-state values of the new grade
are set after the final parameterized input. The time when
this value is set is different in each input. The initial values of
the control-vector parameterization are set to the steady-state
values of the new grade. This means the optimization starts
from the step change of inputs.
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Figure 4. Parameterization of inputs.

Dashed lines are the reduced parameterizations of the in-
puts, which are compared to the results with normal solid-line
parameterizations.

Optimization Results
Easy grade transitions

Ž .Easy grade transitions grade transition 1 , during which
only the first hexene flow, the first hydrogen flow, and the
second hydrogen flow are dynamically changed, are opti-
mized under the two different objective functions: in the first
simulation Zp is included and the other one has no Zp in the

Ž .objective function that is, w and w in Eq. 4 are set to zero .3 6
The final results are shown in Figures 5]8. In these figures,

Žthe instantaneous number-average molecular weight Inst.
.MWn and cumulative number-average molecular weight

Ž .MWn and polymer density of the first reactor, the instanta-
Ž .neous number-average molecular weight Inst. MWn and

polymer density in the second reactor, the cumulative num-
Ž .ber-average molecular weight MWn and polymer density of

Ž .the final product, polydispersity Zp of the first reactor and
the final product, and the optimized inputs, that is, the hex-

Ž .ene flow to the first reactor C flow , the hydrogen flow to6
Ž .the first and second reactors H flow , are shown. In order2

to distinguish the first reactor, second reactor, and the final
Ž . Žproducts, the symbols 1 for the first reactor , 2 for the sec-

. Ž .ond reactor , and F for the final product are added in front
of each symbol of the calculated variable. The following four
simulations are conducted for each grade transition:

Ž .a. The step-change operation dashed lines .
b. The unconstrained optimization results including Zp in

Ž .the objective function dotted lines .

c. The unconstrained optimization results without Zp in
Ž .the objective function solid lines .

d. The constrained optimization results without Zp in the
Ž .objective function dot-dash lines . The constraints are: the

first instantaneous density G0.940; the second instantaneous
density G0.945.

( )Figure 5. Results of easy grade transition— 1 .
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( )Figure 6. Results of easy grade transition— 2 .

These four results are shown in the same graph in order to
easily compare the optimization results. In these simulations
the results may be summarized as follows.

First, the grade-transition time is much improved from the
step change in optimized grade transition by overshootingr
undershooting the instantaneous values. Note that in opti-
mization Case d the constraints are completely satisfied. More
important, the cumulative value of the polymer density in the

( )Figure 7. Results of easy grade transition— 3 .

first reactor is also overshotrundershot in order for the poly-
mer density in the final product to change quickly. This means
that the optimization can calculate the synchronized solu-
tions between the first and second reactors. Although the
polydispersity in the first reactor is more overshot in the opti-
mization results, the degree of the overshooting is not very
high and this can be allowed during grade transitions.

Second, the inclusion of Zp in the objective function has a
trade-off effect with the dynamics of the cumulative
number-average molecular weight, and it is possible to use
this objective function for a grade transition in which Zp is
very important. However, the progress in dynamics of the first
and final Zp is not significant in this optimization. There-
fore, in some later optimizations, Zp is not included in the
objective function for simplicity.

Finally, the optimized results of each flow have a common
pattern in the unconstrained optimization. Each should be

Ž . Ž .increased decreased to the upper lower bound and de-
Ž . Ž .creased increased under over the final steady state’s value

and return to the steady state’s value. These solutions are not
very surprising and in practice these operations can be per-
formed by experienced operators. The solutions for the con-
strained optimization are more interesting and are not easily
performed by experienced operators. Hence, it is more bene-
ficial to conduct grade-transition optimization for con-
strained grade transitions.

Difficult grade transition
The following optimizations are performed for grade tran-

sition 2:
Ž .e. Step-change operation dashed line .

Ž .f. Unconstrained optimization solid line .
Ž .g. Constrained optimization dotted line .
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( )Figure 8. Results of easy grade transition— 4 .

The results are shown in Figures 9]12. In these figures the
same variables as those in easy grade transition and the pro-
duction rates in both reactors are included because produc-

Žtion rates in both reactors are increased. In order to see it
clearly, the time span in the graph of production rate is dif-

.ferent from others. The optimized controlled variables are
the first reactor hexene flow, and the first and second reactor
hydrogen flows. The ethylene flows to both reactors and the
catalyst flows to the first reactor are changed as a ramp, and
the diluent flow to the second reactor is a step change, as
shown in Figure 13. The diluent flow and cocatalyst flow to
the first reactor are kept constant.

For unconstrained optimization of the difficult grade tran-
sition, the following interesting results can be obtained. First,
grade-transition time is much improved compared with the
step change. The instantaneous values and the cumulative
density in the first reactor are adjusted to have very rapid
dynamics for the final product values. The polydispersity in
the first reactor is overshot, but this is not a big overshoot

( )Figure 9. Results of difficult grade transition— 1 .

compared to the steady-state value. These results are very
similar to those of easy grade-transition cases.

Second, although the hexene flow and hydrogen flow to
the first reactor have expected dynamics, that is, they go to
the upper or lower constraints and return to some points close
to the steady states, the optimized result of the second reac-
tor hydrogen flow is quite different especially at the begin-
ning of the grade transition. This can be explained as follows:
while the production rate of the first reactor is not increased,
the hydrogen flow to the second reactor is changed mainly to
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( )Figure 10. Results of difficult grade transition— 2 .

have a rapid decrease in the number-average molecular
weight in the second reactor; therefore, a rapid increase and
decrease of the second hydrogen flow is performed at the
beginning of the grade transition in order not to have an un-
dershoot of the number average of molecular weight, as in
the step-change case. As the production rate of the first reac-
tor is increased, the hydrogen flow to the second reactor is
greatly increased at ts2,700 s, producing lower instanta-
neous number-average molecular weight in the second reac-

( )Figure 11. Results of difficult grade transition— 3 .

tor, because polymer with a high number average of molecu-
lar weight is coming from the first reactor. The hydrogen flow
to the second reactor is increased again at ts4,500 s as the
production rate in the second reactor is increased.

Although there are several disturbances to the number-
average molecular weight and polymer density, such as in-
creasing catalyst concentration and polymer concentration in
the reactor, the optimization handles these very well with only
very small fluctuations.
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( )Figure 12. Results of difficult grade transition— 4 .

As described before, some constraints are imposed during
grade transition because of plant safety andror property pro-
tection. In this simulation an upper constraint for the in-
creasing rate of the production rate in the first reactor is

Ž .imposed for the following reasons: 1 because the volume of
Žthe first reactor is much smaller than the second one volume

.ratio is one to three , the temperature control for the first
reactor is very sensitive; hence it is very important to have a
slow increase in the production rate in order to avoid reactor

Ž .runaway; 2 in the first reactor, the hydrogen flow is de-
creased in order for the number-average molecular weight to
be increased, and the hexene flow is increased in order for
polymer density to be decreased. This results in an increase
in catalyst productivity, because catalyst inhibition by hydro-
gen is decreased and the catalyst activation reaction by hex-

Ž .ene is increased. 3 The ethylene flow is greatly increased in
the first reactor so that the polymerization reaction rate is
greatly increased. The upper constraint of the increasing rate
of the production rate in the first reactor is set to 130 grs for
5 min.

There are some significantly different results from the case
of unconstrained optimization. The rate of the production in

Figure 13. Disturbances in difficult grade transition.

the first reactor increases more slowly than the uncon-
strained case because of the constraint. In order to satisfy the
constraint, the hydrogen flow and hexene flow to the first
reactor are different from the unconstrained case. The hy-
drogen flow to the first reactor is not set to zero, and the
hexene flow is not set to the upper-bound value after starting
the grade transition. Therefore, the dynamics of the
number-average molecular weight and polymer density in the
first reactor are slower than those of the unconstrained case.
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The hydrogen flow to the second reactor is synchronized with
the changes in the first reactor’s product. The hydrogen flow
is not increased to the upper bound at the beginning of grade
transition, but after stabilizing the first reactor’s production
rate, it goes to the upper bound.

As was the case for the difficult grade transition, it is more
beneficial to conduct grade-transition optimization for con-
strained grade transitions because less obvious, yet effective
strategies are obtained.

( )Figure 14. Results of reduced inputs— 1 .

( )Figure 15. Results of reduced inputs— 2 .

Reducing decision ©ariables
When optimal grade-transition strategies are installed in

an actual plant, it is better to have a simple strategy. There-
fore, in this section simulation by using a simple input para-
meterization that is defined by dashed lines in Figure 4 is
performed for grade transition 2 with no constraints. The ini-
tial values for the input parameters u is decided by the orig-i j
inal results of the unconstrained optimization performed. In

Žthis simulation, the number of the input parameters input
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( )Figure 16. Results of reduced inputs— 3 .

.time intervals is reduced from 20 to 10. The results are shown
by the solid lines in Figures 14]17. In order to easily com-
pare the results, the original optimization results are shown
by dashed lines in the same figures.

Although very similar results to those of original optimiza-
tion are obtained in these simulations, the dynamics of the
number-average molecular weight of the final product is
slower than the original simulation. At the beginning of the
grade transition, the hydrogen flow is overshot and under-
shot, but the average value of the first two inputs of the
original optimized values of the hydrogen flow is set in this
simulation. This leads to the different dynamics of the num-
ber-average molecular weight of the final product. Clearly, if
additional intervals were allowed for this hydrogen flow,
almost identical results would be obtained in a reduced pa-
rameter optimization as for the original. Because the other
product dynamics are the same as the original one, this
method is very useful for installing in actual plants.

Optimization considering a product band
In all previous simulations the objective function, Eq. 4 was

used, but in this case the objective function, Eq. 5, which
considers a product band, is used. The optimization is con-
ducted for grade transition 1 without constraints. The results
are shown in Figures 18]21. In these figures, the optimiza-
tion results where the previous objective function, Eq. 4, is
used are also included in order to compare the results easily.
The values of the product band for the number-average
molecular weight are "10% of the target values and "0.0005
for polymer density.

Some interesting results are obtained; for example, the
number-average molecular weight in the first reactor stops
decreasing as soon as it goes into the product band. This is

( )Figure 17. Results of reduced inputs— 4 .

because the hydrogen in the second reactor must be dis-
charged in order to increase the molecular weight and it is
not easy to do this as explained before; hence, the first reac-
tor hydrogen flow stops increasing in order for the hydrogen
concentration in the second reactor to quickly decrease. In
addition, polymer density stops decreasing as soon as it
enters the product band. The more feed of hexene to the
reactor in order to decrease polymer density makes the num-
ber-average molecular weight decrease. This is the reverse of
the desired dynamics. Because the dynamics of increasing the
instantaneous number-average molecular weight is very slow,
the density dynamics helps this to increase more rapidly. Ac-
cordingly, the results of the number-average molecular weight
in the final product by using this objective function is better
than the previous one, although the difference is very small.
In this simulation, the volume of the second reactor is three
times as large as that of the first reactor, and the hydrogen
flow to the first reactor is much less than that of the second
reactor. Therefore, improvement using the new objective
function is not so significant, but if the hydrogen flow to the
first reactor was not so small, a greater improvement would
be obtained by using this objective function.
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Figure 18. Results of optimization considering a prod-
( )uct band— 1 .

Conclusions
In this article the optimization of grade transitions in mul-

tistage loop reactors with bimodal products was simulated by
using the control-vector parameterization method. This was
performed by connecting the polymerization-process simula-
tor, POLYRED, with a sequential quadratic programming in
MATLAB. The two main grade-transition examples, an easy

Žcase all other inputs except the hexene and hydrogen flow to

Figure 19. Results of optimization considering a prod-
( )uct band— 2 .

the first reactor and the hydrogen to the second reactor, were
. Žconstant and a difficult case every input was changed dur-

.ing grade transition , were simulated with no constraints and
with constraints on the states. They were also compared with
simple step-change operations.

First of all, results show the validity of the control-vector
parameterization method to olefin polymerization multistage
reactors. By using SQP as the NLP solver, constraints of states
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Figure 20. Results of optimization considering a prod-
( )uct band— 3 .

can be easily installed and stable solutions were obtained.
One advantage of the method in this article is that any con-
straint can be easily installed in the optimization. Another
advantage is that this method can be easily applied to other
reactors by changing the model in the process simulator.

Several optimized grade-transition operations were com-
pared. Clearly, the optimized results were much better than
the step-change operations in every case. If each result is
compared with the step-change operation, the easy grade-
transition case with no constraint obtained the best improve-
ment with regard to grade-transition time. However, the
solutions of each controlled variable were simple overshoot
andror undershoot strategies that can be prediced without
using optimization. Actually, in most industrial plants, these
types of overshoot andror undershoot operations are nor-
mally performed by analyzing the actual grade-transition data
obtained by plant operators. On the other hand, the uncon-
strained and constrained cases of difficult grade transition
are not easy to predict without using optimization algorithms.
Therefore, the value of performing grade-transition optimiza-
tion for these types of grade transition is much greater than
the unconstrained easy grade-transition case. Let us illustrate
the economic benefits assuming product bands of "10% in
MW and "0.0005 in density. For the case of the easy graden
transition with constraints, there was a 30% reduction in
transition time and the amount of off-spec product compared
with the simple step-change operation. For the difficult
grade-transition case with constraints, there was a 40% im-
provement in transition time and amount of off-spec product.

An attempt to reduce the number of time intervals in the
decision variables was made. Practically, reducing the deci-
sion variables makes it easier to install an actual control
strategy in a plant. It was shown that reducing decision vari-

Figure 21. Results of optimization considering a prod-
( )uct band— 4 .

ables is possible by rearranging the input parameterization
after obtaining more complex optimal solutions.

Finally, objective functions were used that also considered
property bands during grade transitions. Although this new
objective function is not useful for every case, better results
than by using the standard objective function can be obtained
for some types of grade transitions.

In practice, in order to greatly improve grade transition,
the optimization should be performed on-line. Even if the
optimal solution is obtained by off-line methods, the actual
response of the plant may be different from the model be-
cause of disturbances; hence, plant dynamics may deviate
from the calculated optimal outputs. One solution for this is

Žthat the model should be adaptively updated regularly for
example, using state corrections at intervals based on plant

.measurements and then used to recalculate the optimization
at several points during the grade transition. However, the
optimization calculations can take some time. Therefore, the
optimization problem should be made as simple as possible
in order to reduce the calculation time. Reducing the num-
ber of decision variables as in this article may be one solution
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for this. Another solution might be streamlining the model
and model updating calculations as much as possible while
maintaining model fidelity. It is clear that the implementa-
tion of on-line optimization of grade transition strategies re-
mains a very challenging area.
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Appendix: Summary of Mathematical Model
In this Appendix the kinetic model for Ziegler-Natta cata-

lyst polymerization reactions with two sites is explained. In
Žthe following the superscript k shows the catalyst site ks1

.or 2 .
Ž .The catalyst sites consist of potential sites C , activatedpot

Ž .sites, and dead sites C . There are two different activatedd
Ž k .sites: one is a growing site P and another is a vacant siten, j

Ž . k Ž .P . The term P denotes a live growing polymer chain at0 n, j
a catalyst site of type k with an activated end-group j. The
term Dk refers to dead polymer produced at site k by deacti-n
vation or chain transfer. The chain length of a copolymer

w xTmolecule is denoted by vector ns n , n , where n is the1 2 1
Ž .chain length of monomer ethylene and n is the chain length2

Ž .of comonomer hexene . The terms C , C , C , C denoteH M M A1 2

the concentrations of hydrogen, ethylene, hexene, cocatalyst,
respectively. The following are the detailed kinetics that are
considered in the dynamic-process simulator.

1. Site activation reactions
Ž .By cocatalyst A

k k
a A k k k6C q A P q B R s k C Cpot 0 a A a A pot A

Ž .By comonomer M2

k k
a M 2 k k k6C q M P q M R s k C C .pot 2 0 2 a M a M pot M2 2 2

2. Chain initiation reactions
Ž .By monomer and comonomer Mi

k k
p ik k k i k6P q M P R s k P C .0 i d , i p i p i 0 M ii

3. Chain propagation reactions
Ž .By monomer and comonomer Mi

k k
p i jk k k k k6P q M P R s k m Cn , j i nqd , i p i j p i j 0, j M ii

where

`̀̀̀̀
k km s P .Ý0, j n , j

ns 0

4. Chain transfer reactions
Ž .By hydrogen H2

k k
c H j 0.5k k k k k k6P q H D q P R s k m CŽ .n , j 2 n 0 c H j c H j 0, j H

Ž .By cocatalyst A

k k
c A jk k k k k k6P q A D q P R s k m C .Ž .n , j n 0 c A j c A j 0, j A

Ž .By monomer and comonomer Mi

k k
c M i jk k k k k k6P q M D q P R s k m Cn , j i n d , i c M i j c M i j 0, j M ii

Spontaneous

k k
cS p jk k k k k k6P D q P R s k m .n , j n 0 cS p j cS p j 0, j

5. Site deactivation reactions
Spontaneous

k k
dS p Xk k k k6P C R s k mÝo d dSp dSp 0, j

j
kk dS pk k6P C q D .n , j d n

By using population balances for the polymer species and
mass balances for the nonpolymer species over the kinetics
described earlier, a nonstationary model for the dynamic rate
of change of the polymer properties, which are controlled
during grade transitions, can be calculated. This model is
called the population balance model, and the detailed deriva-
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Ž .tion of this model is given in Ray 1972 . As described before,
the main controlled properties during grade transition are the
number-average molecular weight, polydispersity, and poly-
mer density. The cumulative values of these properties in the
reactor are calculated, as are the instantaneous values.

The population balances yield the rates of change of the
concentrations of all the polymers that have different chain
lengths. By using the following moments, these rates of change
are transformed to a set of equations including the kinetic
rates of change of the polymer moments. In the population-
balance model the following polymer moments are defined
and the basic polymer properties can be calculated by using
these polymer moments.

First, the live polymer f th moments at site type k are de-
fined as

`̀̀̀̀
k f km s n P with end-group jÝf , j n , j

ns 0

2
k km s m summed over end-group typeÝf f , j

js1

2
km s m summed over site and end-group type.Ýf f

k s1

Second, the bulk, which is live and dead, polymer f th mo-
ments at site type k are

`̀̀̀̀ 2
k f k kl s n P q D .Ý Ýf n , j nž /ns 0 js1

Here, f is a vector whose elements corresponds to the
monomeric group. Because two monomers are considered in
this sample process, the vector f has two elements. For the

Žfirst moment with respect to monomeric group 1 in this re-
. w xsearch, ethylene , f is defined as 1 0 . Similarly for the first

Ž .moment with respect to monomeric group 2 hexene , f is
w x0, 1 .

By using the kinetics and these polymer live and bulk mo-
ments, several important factors and cumulative and instan-
taneous properties of polymers can be calculated as follows:

1. Production rate
At site type k

2 2
k kProduct s RÝ Ý pi j

is1 js1

Overall

2 2 2
kProducts RÝ Ý Ý pi j

k s1 is1 js1

Ratio at site type k

Product k
kProRatio s .

Product

Ž .2. Copolymer composition mole fraction at site type k
Live polymer

mk
d ikLFp si 2

kmÝ d i
is1

Bulk polymer

lk
d ikFp s .i 2

klÝ d i
is1

3. Weight fraction of bulk polymer that is produced at site
type k

2
kMw i lŽ .Ý d i

is1kWp s 2 2
kMw i lŽ .Ý Ý d i

k s1 is1

Ž .where Mw i is a molecular weight of monomer i.
4. Number-average molecular weight at site type k

Live polymer at site type k

2
kMw i mŽ .Ý d i

is1kLMWn s km0

Bulk polymer at site type k

2
kMw i lŽ .Ý d i

is1kMWn s .kl0

5. Overall number average molecular weight
Instantaneous

1
IMWns k2 ProRatio

Ý kLMWnk s1

Cumulative

1
MWns .k2 Wp

Ý kMWnk s1

6. Polydispersity

l l2 0
Zps 2

lŽ .1
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7. Polymer density at site type k
Live polymer at site type k

2 3k k k kLr s a q a LFp q a LFp q a LFpŽ . Ž . Ž .1 2 2 3 2 4 2

Bulk polymer at site type k

2 3k k k kr s a q a Fp q a Fp q a FpŽ . Ž . Ž .1 2 2 3 2 4 2

where a ; a are constants.1 4
8. Overall polymer density

Instantaneous

2
k kIr s ProRatio LrÝ

k s1

Cumulative

2
k kr s Wp r .Ý

k s1

In applying the bimodal reactors, these polymer properties
can be calculated independently for both reactors. For exam-

ple, the number-average molecular weight has the following
four different items.

1. Instantaneous number-average molecular weight in the
first reactor

2. Cumulative number-average molecular weight in the first
reactor

3. Instantaneous number-average molecular weight in the
second reactor

4. Cumulative number-average molecular weight in the
second reactor.

Since the product in the second reactor can be regarded as
the final product of the bimodal reactors, cumulative values
in the second reactor will be referred to as final product val-
ues.

The main polymer properties that should be considered
during grade transitions can be obtained in the aforemen-
tioned calculations. Since moment equations are the nonsta-
tionary model for the dynamic rates of change of polymer
properties, the model of the main polymer properties ob-
tained here can show the dynamics during grade transitions.
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